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Abstract. We relate the spectral flow to the index for paths of selfadjoint 
Breuer-Fredholm operators affiliated to a semifinite von Neumann algebra, 
generalizing results of Robbin-Salamon and Pushnitski. Then we prove the 
vanishing of the von Neumann spectral flow for the tangential signature oper- 
ator of a foliated manifold when the metric is varied. We conclude that the 
tangential signature of a foliated manifold with boundary does not depend on 
the metric. In the Appendix we reconsider integral formulas for the spectral 
flow of paths of bounded operators. 
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1. Introduction 

Since its introduction by Breuer [Bl IB2] , index theory in von Neumann algebras 
has been extensively developed, motivated by the geometric situations of coverings 
and foliations. The foundations can be traced back in the work of Atiyah on 
the L 2 -index theorem [A], and then in the index theorem of Connes for measured 
foliations |Coj . The corresponding index theorems for manifolds with boundary 
with Atiyah-Patodi-Singcr boundary conditions are a work of Ramachandran |Rm| . 
Cylindrical ends counterparts have been proven for coverings by Vaillant [V] and 
for foliations by Antonini [An] , who applied their results to the definition and study 
of L 2 -signatures for coverings of manifolds with boundary and tangential signatures 
for measured foliations with boundary [An2| . respectively. 

In parallel the notion of spectral flow for paths of selfadjoint Breuer-Fredholm op- 
erators affiliated to a von Neumann algebra has been the subject of many inves- 
tigations. The definition of the spectral flow in type II von Neumann algebras is 
due to Phillips [Phj . It is based on the idea that the spectral flow of a path of such 
operators (-Du)ue[o,i] measures the discontinuity of the path of projections onto 
the positive part of the spectrum. His definition applies to continuous paths of 
operators with respect to the Ricsz topology. A more general definition was given 



in terms of a winding number in |W2j . Both approaches have been used to prove 
integral formulas for the spectral flow, see for example [CPj |W2] [CPS] . 
A natural question is whether, as in the classical case, the spectral flow of a path of 
affiliated operators (D u ) u6 [ 0j i] equals the von Neumann index of the operator d u + 
D u (with Atiyah-Patodi-Singer conditions when the endpoints are not invertible). 

l 
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For Dirac operators on a closed odd-dimensional manifold this follows for example 
from the variational formula for 77- invariants |Mej . For a fixed Dirac operator which 
has been perturbed by a path of endomorphisms, a corresponding result in the L 2 - 
index theory for coverings was established in [BCPRSW]. In the classical situation, 
the equality "index = spectral flow" was proven for a path of general selfadjoint 
operators with compact resolvents via an axiomatic approach in |RSj . The condi- 
tions on the path were further relaxed in |Rb| . A noncommutativc (C*-algcbraic) 
version has been derived in |LPj for Dirac operators, and for more general operators 
on Hilbert C* -modules in [W] . 

The first result of this paper is the equality "spectral flow = index" for a path 
of selfadjoint operators with common domain, and resolvents in the ideal K{M) 1 
where M is a semifinite von Neumann algebra. In particular, Theorem 12.11 deals 
with the case when the endpoints are invertible. We use only few properties of the 
spectral flow and the index for the proof (namely homotopy invariance, additivity 
with respect to concatenation of paths and to direct sums, and a normalization 
property). It is based on the ideas of the proofs in the noncommutativc case in 
[LP] and |W| . Our approach can also be used to generalize these results further, see 
the remarks following Lemma 12.31 Our proof is different from the one in |RSj [Rbj , 
which makes use of the discreteness of the spectrum in the classical case and thus 
does not generalize to our situation. 

Along the way we also get the equality si({D + A'„) tie [ 01 ]) = ind(<9 u + D + K u ) 
for a path of symmetric operators K u which are relatively bounded with respect 
to a selfadjoint Breuer-Fredholm operator D with bounds a u < 1 and for which 
(i4T u £' _1 ) ug [o i i] is a continuous path in K(Af) (Prop. 12. 9p . Here we do not assume 
that the resolvents of D are in K(M). This is indeed another main result of the 
paper, which generalizes a result of Pushnitski [Pu] . Note that to this aim Lemmas 
12.61 and 12.71 are proven under more general conditions than necessary just for the 
proof of Theorem 12.11 

Theorem 12.111 proves the equality for a path with non-invertiblc endpoints using 
the Atiyah-Patodi-Singer index. Here we show that the unbounded operator with 
Atiyah-Patodi-Singcr boundary conditions (d u +D U ) APS is Breuer-Fredholm. This 
is done essentially as in [Rmj . 

Next we translate our results to the type II geometric situation of foliated manifolds 
admitting a holonomy invariant transverse measure (Prop. 13. 2p . We investigate in 
particular the tangential signature operator. In the classical case of the signature 
operator on a closed manifold, it is well known that a variation of the metric on the 
manifold does not produce spectral flow. This comes from the strong link between 
the kernel of the signature operator and the cohomology of the manifold. Using 
the integral formula for the spectral flow ( |CP[|W2] ) we get an analogous result for 
foliated manifolds (Prop. 14. 1|) . The main step in the proof is based on a beautiful 
lemma by Chceger and Gromov fLemma 14. 2[) . which translates the cohomological 
nature of the kernel of the signature operator into an analytic property. Our proof 
also yields a reinterpretation of the result of Cheeger and Gromov in terms of 
spectral flow. 

As an application of our results, we prove that the measured analytic signature of 
a foliated manifold with boundary, which was defined in | Anj . is independent of 
the metric. This follows from the vanishing spectral flow for the signature operator 
and from a von Neumann relative index theorem by similar arguments as in |LP| . 
Our methods also apply to L 2 -signatures for manifolds with boundary, which have 
been defined in [V] and studied further in |LSj . However, in this case the vanishing 
of the i 2 -spectral flow for the signature operator is a rather direct consequence 
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of the vanishing of the ordinary spectral flow, and the independence of the L 2 -p- 
invariants of the metric. 

Appendix [X] is related to but independent of the main body of the paper. Here 
we contribute to the investigation of integral formulas for the spectral flow. The 
integral formulas of Carey and Phillips [CP] for bounded perturbations of a fixed 
sclfadjoint operator with resolvents in K{AT) have been generalized to paths of 
sclfadjoint operator with resolvents in K(Af) and common domain in |W2| by ex- 
ploiting the relation between the spectral flow and the winding number. By using 
a different approach the latter result was further extended in |CPSj . in particular 
such that it applies to paths of bounded operators as well. In the Appendix we 
show that the proof of [W2| can be modified to include paths of bounded operators. 
Our result is not equivalent to the one in [CPS] , nor is one a generalization of the 
other: indeed, we only assume that the path is strongly diffcrcntiable in a certain 
sense, while in [CPS] the path has to be differentiable in the norm topology. On the 
other hand, the conditions on the interplay between summability and dependence 
on the parameter that are imposed in [CPSj are weaker than ours. 

Acknowledgements: We would like to thank Moulay Benameur for interesting dis- 
cussions. The second named author thanks him for an invitation to Metz, which 
started our collaboration. We also thank Paolo Piazza for drawing our attention to 
the question about the relation between spectral flow and index. 

2. Spectral flow and index 

In this section we prove the equality between spectral flow and index (Theorems 
12.11 and l2.1I[) in the general context of semifinite von Neumann algebras. 
Let Af be a von Neumann algebra acting on a separable Hilbert space H and 
endowed with a faithful normal semifinite trace. The ideal K{Af) in Af is the 
smallest closed ideal containing all elements of finite trace. 

There is an induced semifinite trace on the von Neumann algebraic tensor product 
M := B{L 2 {R)) ®Af, which acts on L 2 (R) ® H = L 2 {R,H). In the following 
the index ind is defined with respect to the semifinite von Neumann algebra AA, 
whereas the spectral flow sf is defined with respect to Af. 

For the theory of Brcuer-Frcdholm operators in this setting we refer to [CPRSj . 
We will in particular use the criterion that an unbounded operator affiliated to 
a semifinite von Neumann algebra is Breuer-Fredholm if it has a right and a left 
parametrix. This assertion is proven in Lemma 3.15 in [CPRSj under the condition 
that the right and left parametrix agree. However the proof works also if they do 
not agree. 

In general, for a closed operator A on a Hilbert space V we denote by H(A) the 
space Dom A endowed with the scalar product (x, y)v + {Ax, Ay)y. This is a Hilbert 
space. 

Theorem 2.1. Let (-Du) u g[o.i] oe a path of sclfadjoint operators affiliated to Af with 
common domain and resolvents in K(Af). We assume that D u depends continuously 
on u as a bounded operator from H{Dq) to H (with respect to the operator norm). 
Furthermore we assume that the endpoints Dq,D\ are invertible. Then 

sf((A)„e[o,i]) = ind(d„ + D u ) . 

We divide the proof of the theorem into several lemmata. First we fix some con- 
ventions, which will be tacitly applied in similar situations throughout the paper. 
We extend (-D u ) ug r 0)1 i to a path on E by setting D u = D Q for u < and D u = D\ 
for u > 1. We set V := d u + D u , which we understand as a closed operator on 
L 2 (R, H) having C C °°(IR, H) as a core. 
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For an open interval U = (ito, ui)ct we define the path 

{D UQ u<u Q 
D u ue(u ,tii) 
D Ul u>m. 

We set V u = d u + D u . 

Define the symmetric closed operator 

~ ( -d u + D u 
\ d u + D u 

Furthermore for fixed x € R set T> x = d u + D. x , 

o -a, + A 



V 

and 



d u + D X 



D x 
D x 



D x = 

The following technical lemma will be very useful. 

Lemma 2.2. Let D be a selfadjoint invertible operator on H affiliated to J\f and 
let K e TV be such that KD^ 1 e K(Af). Let tp £ C C °°(R). Then 

(pK(±d u + D)- 1 g K(M) . 

Proof. By Fourier transform ±d u + D is unitarily equivalent (in M) to ±it + D, 
which has an inverse in M.. It follows that ±d u + D has an inverse in A4, and thus 
is affiliated to M.. 

Any element in L 2 (R 2 ) defines a compact integral operator on L 2 (IR), and by ten- 
soring with the identity an element in M. . 

The key observation is that in a similar way any element in L 2 (R 2 , K{M)) acts on 
L 2 (R,H) defining an element in K{M). 

Via Fourier transform the operator ipK (±d u + D)~ 1 on L 2 (R, H) is unitarily equiv- 
alent to the operator 

v i — ► / ip(x — y)K(±iy + D)~ 1 v(y) dy . 

The assertion follows now since ip(x — y)K(±iy + D)^ 1 £ L 2 (R 2 , L< (Af)) . □ 

The following lemma shows that the statement of the theorem is well-defined. 

Lemma 2.3. It holds that DomD = Dom(d u + Do). 

The operator T> is affiliated to M. and is Breuer-Fredholm. 

Proof. Using Fourier transform as in the proof of the previous lemma one sees that 
T> x ±i is invertible. The inverse is in M2(M). Thus T> x is selfadjoint and affiliated 
to M 2 {M). 

By Fourier transform, one also checks that D X (T) X + i)^ 1 is bounded. Since 

D y (v x + i)- 1 = {b y b x x )b x {v x + i)- 1 

is bounded, it follows that (T> y ~'D x )('D x +i)~ 1 is bounded, and hence (T> y + i)('D x + 
i)" 1 is bounded for all x, y G [0,1]. This implies that DornVx = Dom'Do. Note 
also that D y (T> x + i)^ 1 depends continuously on y. 

Similarly it follows that T>(Dq + i)^ 1 is bounded. Thus DomX>o C DomP. 
In the following we show that V + i : i?(2?o) — ► L 2 (R, H © H) has a bounded 
inverse, which is in Mz(M.). Then it follows that T> is selfadjoint affiliated to Ai 
with DomX> = DomPo- 

First we make the following assumption on the path (-D«)«g[o,i]- 
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Assumption 2.4. Let C be the norm of(T>Q — i) 1 as an operator from L 2 (K, H © 
H) to H{V ). We assume that the operator V - T> : H(D ) -> i 2 (M, H @ H) is 
bounded by j^. 

Under Assumption 12.41 the Neumann series 

oo 

(D - i)- 1 = (V - i)- 1 £((D - T>)(T> Q - i)- 1 ) 71 

n=0 

converges and defines an element in M 2 (M). Furthermore T>q(T> — i) _1 is well- 
defined and bounded. Thus DomD C DomX>o- It follows that T> is sclfadjoint and 
affiliated to M 2 (M). 

Now we drop Assumption 12.41 For an open interval U we define T) u , T>^ , T>^ as 
above. 

Let (fi)t = o,.. fc+i, k G N, be a finite covering of H by open intervals with (— oo, 0) = 
Uq, (1, oo) = Uk+i and with f/,, « = 1, ...,k precompact. We assume that the 
sets Ui,i = l,...,k are small enough such that for each i the path fulfills 
Assumption ^. 41 By the compactness of [0, 1] such a covering exists. By the previous 
argument, the operator T> Ui with DomT) Ui = DomX>o is sclfadjoint and affiliated 
to M 2 (M). 

Let (j( 2 )i=o,...,fc+i be a partition of unity subordinate to the covering with Xi G 
C 00 (M). 

For A £ it \{0} we set 

fe+i 

Q(A) = ^X i (^ i -A)- 1 Xi ■ 

i=0 

It holds that 

fc+i 

K := - A)Q(A) - 1 = x!iP Ui - A)" 1 *. • 

By choosing |A| large enough we ensure that 1 + K is invcrtible and thus Q(A)(1 + 

A') -1 is a right inverse of V - A. Note that K 1 Q{\) G M 2 (.M). Similarly one 

constructs a left inverse. It follows that 2? with DomX> = Dom2?o is selfadjoint 

and affiliated to M 2 (M). 

Now we show that T> is Brcucr-Frcdholm. 

Define 

k 

i=l 

It holds that 

k 

VQ-l = XolVxo + Xk+i^Xk+i + i Xi{i> Ui ' i)- X Xi 

i=l 

+t:xi^ Ui -i)- i xi- 

i=l 

Using Lemma [2~2l one checks that the right hand side is in M 2 (K(A4)). Thus Q is a 
right parametrix of V. A similar calculation yields that Q is also a left parametrix 
of V. □ 

The method of the previous lemma works also in a C* -algebraic context and allows 
to generalize Theorem 10 in |LPj as well as Lemma 3.13 and Prop. 3.15 in [Wj : 
the path (D u )„ e [ 01 ] considered in [W] was a path of regular selfadjoint operators 
with common domain and compact resolvents on the standard Hilbert *4-module 
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Ha, where A is a unital C*-algebra. It was assumed that D u — Dq is bounded. 
This may now be replaced with the condition that D u : H(Dq) — > H_a depends 
continuously on u. See the remarks following Lemma 3.13 and Prop. 3.15 in [Wj . 
A similar statement holds for the odd case, see jWl §8] . 
Next we prove the additivity property for the index. 

Lemma 2.5. Let y G (0, 1) be such that D y be invertible. We define Uq = 
(— oo, y), U\ — {y, oo). Then 

ind(9 u + D u ) = md(d u + D%°) + md(d u + D^) . 

Proof. The proof is an adaption of the proof of Lemma 3.13(5) in [W] to the present 
context. That proof in turn is a variation of the proof of the if -theoretic relative 
index theorem (Theorem 1.14 in [Buj ) . 
Define 

D = V u ° © V Ul © V* © V* y . 

The operator J) is a Brcucr Frcdholm operator affiliated to the scmifinite von Neu- 
mann algebra M±(M). We have to show that its index vanishes. 
By the homotopy invariance of the index we can assume that the path D u (and 
thus also , D^ 1 ) is constant on (y — 5,y + 5) for some 6 > 0. 
Let xi '■ K - ► [0, 1] be a smooth function such that Xi{ x ) = 1 for a; < y — 5/2 and 
Xi{x) = for x > y + 5/2 and set xi = \/l — x\- Define 

G M A (M) . 



Then XX* = X*X = 1 and X* = -X. Furthermore XD - D*X equals 

/ -xiV* + (V u °)*xi -X2Vl + (V u °)*X2\ 

-X2V* + (V u i)* X 2 XiD 5 - {V Ul )*Xi 

XiV u °~V X i X2 r D u '-V X 2 

V X 2V U " - V yX 2 ~XiV Ul + XiVy J 

One checks easily that this is a bounded operator, for example 

-XiV* + (V u °)*xi = [Xi,d u ] - XiDu + xi = -X'i ■ 



( 





-Xi 


~X2 










-X2 


Xi 




Xi 


Xi 










\ X2 










) 



Similarly one gets that D^-XJ)* is bounded. Define the operators 3D 



D* 
S 



and X := ^ ^ * J . It follows that [X, ID] G M 8 (A4). Furthermore [X, S](±9„+ 
A,)" 1 G K(M 8 (M)). 

Let x € C°°(R) be odd, non-decreasing, with x'(0) > and x 2 - 1 e C£°(R) and 
such that x(®) 2 - 1 G *f(M 8 (.M)). As in the proof of Definition 2.4 of jW] it 
follows that 

[X, X m]£K(M 8 (M)) . 
The operator x(®) is implicitly defined by the equality 



x (25)* 
X(2>) 



Then Ax(D) - x(£>)** G K(M 4 (.M)) and x{®)X - A X (S))* G A(M 4 CM)). 
Now we proceed as in the proof of Lemma 1.15 in [Buj . For x G [0, 7r/2] we set 

F K := cos(x)x(S)) + sin(x)A . 
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It holds that 

F F* - 1 

= cos(a;) 2 x(S))x(S)* + sin(a;) 2 + cos(a;) sm(x)(x(D)X - Xx(®)*) - 1 
= cos(x) 2 ( X mxm* - 1) + cos(x) sin(x)( X (3)X - X X (V)*) 
G if(ikf 4 (.M)) , 

and similarly F*F X — 1 £ K^l^M.)). Thus F x is Brcucr-Frcdholm for any x. From 
the homotopy invariancc of the index it follows that 

ind(xCD)) = ind(Fo) = ind(^ /2 ) = ind(X) = . 

□ 

Let I? be a selfadjoint operator on H. Recall that a symmetric operator K on H 
with DomD C Dom if is called relatively bounded with respect to D with (not 
unique) bound oik if there is c > such that for all / G H 

pf/||<ajf||D/||+c||/|| . 

We refer to [Dai §1.4] for the theory of relatively bounded perturbations. 

Lemma 2.6. Let D be a selfadjoint operator on H . Let K be a symmetric operator 
on H with DomD c Dom-ftT which is relatively bounded with respect to D with 
bound ax < 1 • 
Then D + K is selfadjoint. 

Furthermore for any < 5 < 1 and c > there are Ao, C > such that 

\\D(D + K + Xi^W < C 
for all A > Ao and all K as before which fulfill 

\\Kf\\<5\\Df\\+c\\f\\,f eH . 
If D is affiliated to Af and K(D + i)^ 1 e TV, then D + K is affiliated to TV. 

Proof. For any < 5 < 1 and c > there is Ao > such that for 8 < 7 < 1 it holds 
that 

\\K(D + Ai)- 1 !! < 7 

for all A > Ao and for all symmetric K with DomD C Dom K which fulfill < 
<5||D/|| +c||/||,/ G H. This follows from the proof of Lemma 1.4.1 in |Da| . 
Thus for A > Ao the resolvents (D + K + Ai) _1 are in TV by the Neumann series 

00 

(D + K + A^^ 1 = (D + A^^ 1 J^(-K{D + My 1 ) 71 . 

n=Q 

This implies that D + K is selfadjoint and affiliated to if D is affiliated to N 
and K(D + i)^ 1 G Af. Furthermore we get 

00 00 
\\D(D + K + A-i ) - 1 1 1 < Cj^WKiD + Xi)- 1 ]]" < C^ 7 " . 

□ 

Lemma 2.7. Let D be a selfadjoint operator on H . Let K be a symmetric operator 
on H with Dom D C Dom K which is relatively bounded with respect to D with 
bound oik < I- Let D + K be invertible. For R > we set Pr := 1[-.r ,r](D). Then 
for R large the operator 

D + (1 -u)K + uP R KP R 
is invertible for any u G [0,1]. 
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Proof. We set E u := D + (1 — u)K + uP R KP R . Since PrKP r is bounded, for each 
u and i? the operator (l — u)K + uP R KP R is relatively bounded with respect to D. 
Let oik < 1 be a bound of K. Then there is c > such that for all u £ [0, 1], R > 
and f £ H 

\\{{\-u)K + uP R KP R )f\\ < (l-u)\\Kf\\+u\\P R KP R f\\ 

< (l-u)\\Kf\\+u\\K(P R f)\\ 

< (1 - tt)a* ||£>/|| + c(l - u)||/|| + uajf ||P H I>/|| + cu\\P R f\\ 
<a«:||D/||+c||/|| . 

Thus by the previous lemma D(E U + Xi)^ 1 is uniformly bounded in u and R for A 
large. 

It holds that 

(Eo + xi)- 1 -{E u + xi)- 1 

= (E Q + Xi)-\-uK + uP R KP R )(E u + Xi)~ l 

= -u(E + Ai) _1 ((l - P R )K(l - P R ) + (1 - P R )KP R + P R K(1 - P R ))(E U + Xi)- 1 . 

We show that this term converges to zero for R — > oo uniformly in u. 

Since (D + Xi)(E u + Xi)~ 1 is uniformly bounded in u and R and (Eo + Xi)^ 1 (D + Xi) 

is bounded, there is C £ M. such that 

IK^o + Xi)- 1 - (E u + Ai)- 1 j| < C(\\(D + Xi)- 1 ^ - P R )K(1 - P R )(D + A l )" 1 || 

+ \\(D + Xi)- 1 ^ - P R )KP R (D + xiy'w 

+ \\(D + A^)- 1 P i^ i^(l - P R )(D + Az)- 1 1|) . 

Consider, for example, the term || (D + Xi)~ 1 P R K(l — P R )(D + Xi)^ 1 \\ . The operator 
(D + Ai) _1 PR/^r is the adjoint of K(D — Xi)~ 1 P Rl which is uniformly bounded in 
R. Clearly (1 — P R )(D + Xi)^ 1 converges to zero for R — > oo. The other terms can 
be treated similarly. Thus (Eo + Xi)^ 1 — (E u + Xi)^ 1 converges to zero for R — > oo 
uniformly in u. 

Since Eq is invertible and the set of invertible selfadjoint operators is open in the 
gap topology by Prop. 1.7 in [BLPj . the operator E u is invertible for all u if R is 
large enough. □ 

Lemma 2.8. Assume that N is a von Neumann algebra endowed with a finite trace 
and let Bo, P>\ £ M be two involutions. Set B u := (1 — u)Bo + uB±. Then 

sf((-B u ) ue[0j i]) = ind(<9 u + B u ) . 

Proof. The assertion has been proven already in [BCPRSWl §5] by an explicit 
calculation. We give a different proof here. We use the properties of the spectral 
flow and the index to reduce to paths of a particularly simple form. The value 
of the spectral flow and the index for these elementary paths can be seen as the 
normalization property of the spectral flow and the index. 

First note that K(M) = TV, and thus any element in AT is Breuer-Fredholm and 
has resolvents in K(Af). 

By homotopy invariance the spectral flow of a path in Af and the index only depend 

on the endpoints. 

For i = 0, 1 set Pr = \{l - B,). 

Define the path ((3 u ) u e[o,i] by /3 U = B + 4mP ~ for u £ [0, |] and f3 u = B\ + 4(1 — 

u)Pf for u £ [|, 1]. Note that 1/2 = 1. 

We set U = (0, \) and U x = (±, 1) and get paths [3^. 

Now by the additivity of the spectral flow with respect to concatenation of paths 

sf((A.)«e[o,i]) = Bf(G0? o ) ug[o ,i]) + sf((/# 1 )«e[o,i]) . 
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and by Lemma 12.51 

md(d u + f3 u ) = ind(d u + ffi) + ™ d (du + Pu 1 ) ■ 

Note that (1- Pr)f3^(l- Pr) = (1-Pr). Thus, this path does neither contribute 
to spectral flow nor to the index. Furthermore Pq/3^°Pq = (—1 + 4u)P " for 
u £ [0, i] and P^pUip- = (-1 + 4(1 - u))Pf for u € [|, 1]. The spectral flow 
for these paths can be obtained directly from Phillips' definition |Phj . whereas the 
index can be easily calculated by determining explicitely kernel and cokernel. We 
get 

sf(G9u°)«e[o,i]) = ind ( a « + Pu°) = tr(P ~) 

and 

sf((/3^)„ e[ o,i]) = ind(a u + = -tr(Pf) . 

□ 

The following proposition is one of the main results of this paper. It generalizes a 
result from |Puj . 

Proposition 2.9. Let D be a selfadjoint invertible operator affiliated to J\f and let 

(jr u ) ug r 01 ] be a path of symmetric operators on H with DomD C DomK u , such 
that each K u is relatively bounded with respect to D with bound a u < 1 and such 
that (K U D _1 )ue[o,i] * s a continuous path in K(Af). Furthermore we assume that 
Kq = and that D + K\ is invertible. 
Then 

Bf((D + K u ) ue[0A] ) = md{d u + D + K u ) . 

In the classical case AT = B(H) the conditions of the Proposition simplify: the 
condition K(D + iy 1 e K(H) means that K is relatively compact with respect to 
D, and this implies that any ax > is a bound. 

Proof. By Prop. 2.2 of [Lej the bounded transform of the path D + K u depends 
continuously on u. Hence its spectral flow is well-defined. 

As in the proof of Lemma l2.3l one gets that ±d u + D + K u with domain Dom(d u + D) 
are affiliated to M. and adjoint to each other. 

We show that d u + D + K u is Breuer-Fredholm. For that end, let Xl £ C°°(K) be 
a positive function such that Xi( x ) = 1 f° r x < ~R an( i Xi( x ) = f° r x > R for 
some R > 0. We set \i = \A — Xi- 

We define Q = X i(d u + D)-^! + X 2 (9 U + D + K 1 )- 1 X2 . 
Then 

(d u + D + K U )Q - 1 = X iK u {d u + D)- 1 X i + X2(K U - + D + K 1 )- 1 X2 

+ x'i(d u + D)- 1 Xl + X ' 2 (du + D + K 1 )- 1 X2 . 

Using Lemma 12.21 and an approximation argument one concludes that the first line 
of the right hand side is in K(M.). By choosing xi appropriate we can arrange that 
the norm of 

T := x'lidu + D)- X xi + X 2 (du + D + K 1 )-\ 2 

is smaller that \. Then Q(l + T) _1 isa right parametrix of d u + D + K u . In a similar 
way one gets a left parametrix. This implies that d u + D + K u is Breuer-Fredholm. 
Next we show that it is enough to establish the equality in the proposition for the 
case where D is bounded. 
Let P R = 1 { _ RM {D). 
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For R > large enough the selfadjoint operator D + sP R K\P R + (1 — s)K\ is 
invertible for all s <G [0, 1] by Lemma H21 We write £ s := d u + D + sP R K u P R + 
(1 — s)K u and 



bounded transform of E s depends continuously on s. Thus the homotopy invariance 
of the index implies that 

md(d u + D + K u ) = ind(fo) = ind(£i) = md(d u +D + P R K U P R ) . 

The operator on the right hand side commutes with P R and thus is diagonal with 
respect to the decomposition L 2 (R,H) = L 2 (R,P R H) © L 2 (R, (1 - P R )H). The 
index of d u + (1 — P R )D, taken with respect to the von Neumann algebra (1 — 
P R )M(1 — P R ), vanishes. 
Similarly, we have 



Clearly, the spectral flow of the constant path (1 — P R )D vanishes. Thus we only 
need to prove the assertion for the path P R (D + K U )P R of bounded operators. 
Therefore we assume from now on that D is bounded. Then K u is a continuous path 
in K{Af). Define the involution B t = l[ 0lOO )(-D + A';) - l^^^^D + Ki), i = 0, 1. 
The path (D + K u ) u ^ 01 ^ is nomotopic to the path (B u := Bq + u(B\ — i?o))ue[o,i] 
through paths of selfadjoint Breuer-Fredholm operators with invertible endpoints. 
Furthermore B x - B G A" (TV). 

In the following we use ideas from [BCPRSW, §5] in order to reduce to a finite 
situation, in which we can apply the previous lemma: the operator B u is invertible 
for m ^ |. Let 4 > e > 0. The projection P e :— l[ 0j£ ]((-Bo + Bi) 2 ) commutes with 
Bq,Bi. Thus (1 — P £ )B u (l — P e ) is invertible for any u. It follows that the path 
(1 — P e )B u (l — Pe) is nomotopic to the constant path (1 — P £ )Bq(1 — P £ ) through 
paths with invertible endpoints. Thus it neither contributes to the index nor to the 
spectral flow. Since 

(B + B 1 ) 2 -4 = BqBi + BrB -2 = (B - B 1 )B 1 + B 1 (B - B t ) e K{N) , 

the projection P E is finite. For the path (P £ B u P e ) u£ [ ^ the assertion follows from 
the previous lemma. □ 

Proof of the Theorem. Let = uq < u\ < • • • < < u^+i = 1 be such that for 

i = 0, . . . , k there is a selfadjoint operator Ki 6 K(M) with D u + Ki invertible for 

u G [iii,Ui+i\. We also assume that Kq = and set Kk+i = 0. 

Such a subdivision exists: Let s 6 [0, 1]. For A = 21[_ 11 ](D S ) the operator D s + K : 

H(Dq) — > H is invertible. Since D u + A : H(Dq) — > H depends continuously on u, 

it is invertible in a small neighbourhood of s. Now the existence of the subdivision 

follows from the compactness of [0, 1]. 

We define a path (E u ) ul£ [ 01 ] as follows: We set 



Since E u is obtained from D u by reparametrizing and adding a path of bounded 
selfadjoint operators with vanishing endpoints, homotopy invariance implies that 

sf((At)ue[o,i]) = s f(( £: «)- [ tG[o,i]) 




As usual, we write T>o = <9 t + D, and define T>q accordingly. 

As in the proof of Lemma 12.31 one shows that Dom Vq = Dom £ s . Since £ s : 
H(V ) -> L 2 (R, H © H) is continuous in s, Prop. 2.2 of |Le] implies that the 



sf ((D + K u ) ) = sf((£> + P R K U P R ) 
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and 

ind(3„ + D U ) = md{d u + E u ) . 

Note that for each i the path E***, U{ := (itj, ) consists of invertible opera- 

tors. Hence it is nomotopic to the constant path E Ui through paths with invertible 
cndpoints and contributes neither to the spectral flow nor to the index. The pre- 
vious proposition implies that for the paths E^* ,V{ := , Ui+i) index and 
spectral flow agree. 

Now the assertion follows from the additivity of spectral flow and index (see Lemma 
12. 5|) with respect to concatenation of paths. □ 



In the following we prove a variation of the theorem: instead of a cylinder we con- 
sider the unit interval and Atiyah-Patodi-Singcr index conditions. The advantage 
is that we need not assume that the endpoints are invertible. 

We will deal with the von Neumann algebraic tensor product A4 := B(L 2 (I)) ® jV 
where / C K is an interval. For / wc will have [0,1], R, [0,oo) or [— oo,l). The 
interval will not be reflected in our notation, since it should be clear from the 
context which interval is meant. 

As before, let (-D«)«e[o,i] be a path of selfadjoint operators with common domain 
and resolvents in K(Af) and such that D u depends continuously on u as a bounded 
operator from H(Do) to H. We do not assume that D$,Di are invertible but we 
assume that D u is constant on [0, e) and on (1 — e, 1] for some e > 0. 
We set P u = 1 [0iOO ) (D u ). 

We define the unbounded operator (d u + D U ) APS on L 2 ([0, 1], H) as the closure of 
d u + D u with domain 

{/ G C°°([0, 1], H(D )) | P /(0) = 0, (1 - Px)/(1) = 0} 

and, similarly, the operator (— d u +D U ) APS as the closure of —d u + D u with domain 

{feC°° ([0,1], H(D Q )) | (1-P )/(0) = 0,P 1 /(1) = 0} . 

The operator 

^APS _ ( (-d u + D U ) APS 

is formally selfadjoint. 

We also need the case of halfcylindcrs with Atiyah-Patodi-Singer boundary condi- 
tions: 

We define the operator (d u + D u ) lAPS as the closure of d u + D u on £ 2 ([0, oo), H) 
with domain 

{/ eC c °°([0, A,)) | P o /(0) = 0} . 

Here, as usual, we have set D u = D\ for u > 1. 

Furthermore wc let the operator (— d u + D u ) lAPS be the closure of —d u + D u with 
domain 

{/ 6 <£° ([0.OO), #(£>„)) I (1 - Po)/(0) = 0} . 
This is a formal adjoint of (d u + D u ) lAPS . 

Similarly, we define (d u + D u ) rAPS as the closure of d u + D u on L 2 ((— oo, 1],H) 
with domain 

{feCZ>((-oo,l],H(p Q )) | (1 - Px)/(1) = 0} 

and a formal adjoint (— d u + D u ) rAPS as the closure of — d u + D u on i 2 ((— oo, 1], H) 
with domain 

{/GC c °°((-oo,l],J?(Z»o)) I Pi/(1) = 0} . 

Proposition 2.10. The operator T> APS is selfadjoint with resolvents in K(A4). In 
particular it is affiliated to M and Breuer-Fredholm. 
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Proof. Without loss of generality we may assume that the endpoints Dq, D\ are 
invertible. This can be seen as follows: first note that it is enough to prove the 
assertion for a perturbation of T> APS by a bounded selfadjoint element of M. Let 
<p € C°°([0, 1]) be a positive function with supply G [0, |] and supp(l — ip) G [j, 1]. 
Instead of D u , we may consider the path 

D u := D u + p(u)(l [0> i](I>o) - l[-i,o)(^o)) + (1 - v(u))(l [0) i](Di) - l[-i,o)(£>i)) , 
which has invertible endpoints. It holds that l[o,oo)(-Di) — ^ji i = 0, 1. Thus the 
Atiyah-Patodi-Singcr boundary conditions defined using the path (£'«)ue[o,il arc 
the same as the ones using (D u ) u ^ ^. 

We adapt the proof of Lemma \2. 31 omitting some details. Let (J7i)i=o,...,fc+i be a 
covering of [0, 1] by open intervals such that Ui C (§, 1 — §),i = 1, . . . , k, for e as 
above, and Uq = [0, e), f/fc+i = (1 — e, 1]. Furthermore we assume that the path 
D% 4 fulfills Assumption |2~41 for i=l,...,k. 

We let (xf )i=o,...,fc+i be a partition of unity subordinate to the covering (E/i)i=o,...,k+i 

such that each Xi is smooth. 

For Aeit \{0} and «^0,fc+lwe define 

Qi(A) := (V^-Xy 1 . 

Parametrices near the endpoints are defined as follows: the operator (d u + Dq) iaps 
is invertible with inverse 

{((d u + D ) lAPS )^f){x) 

(-l[o,oo)(z - y)e-^ D "P + l [0 ,oc)(y - x)e-^ D °(l - P Q ))f(y) dy . 

(See Prop. 22.4 in [BWj for a detailed discussion of this formula in the case of 
Dirac operators.) The inverse is in M. 

A similar formula shows that the operator (— d u + Dq) iaps is invertible as well. It 
follows that the operator 



{-d u + D ) lAPS 

(8 U + D ) lAPS 



■pi APS 



v rAPS 



is invertible with symmetric inverse in M^M.)- In particular it is selfadjoint and 
affiliated to M 2 {M). We set 

Qo(A) = {V lAPS A)- 1 . 

Analogously, the operator 

(-£>„ + £i) rAPS 

(d u + D 1 y APS o 

is selfadjoint, affiliated to M2(M) and invertible. Set 

Q fc+1 (A) = (T>l APS - A)" 1 . 

Define 

fe+i 

QW = Y,XiQiWx< ■ 

i=0 

To see that this operator is in K{Mi{M)) one uses the following analogue of Lemma 
[2721 since the operators e- xD °P and e xD ° (1 - P ) arc in K(Af) for x ^ 0, it follows 
from the above formula for the inverse that <p{(d u + -Do) MPS )~ 1 G K(A4) for 
ip £ C c °°([0,oo)), and similarly tp({d u + D 1 ) rAPS )~ 1 € K{M) for ip G C c °°((-oo, 1]). 
Now one shows as in the proof of Lemma |2~31 that for |A| large enough the operator 

{V APS -A)Q(A) =:l + if 

is invertible. 



SPECTRAL FLOW, INDEX AND THE SIGNATURE OPERATOR 



13 



Thus Q(A)(1 + K) 1 is a right inverse of (t> APS — A). Similarly one constructs a 
left inverse. 

It follows that {V APS - A)" 1 = Q(A)(1 + It)" 1 G K(M 2 {M)). This implies the 
assertion. □ 

Theorem 2.11. Let (£' u ) u e[o.i] oe a pai/i o/ selfadjoint operators with common 
domain and with resolvents in K(Af). We assume that D u depends continuously 
on u as a bounded operator from H(Dq) to H . Furthermore we assume that the 
path is constant near each of the endpoints. Then 

st((D u ) ue[0A] ) = md((d u + D U ) APS ) . 

A path fulfilling all but the last condition may always be deformed such that it is 
constant near the endpoints without changing the spectral flow. However, it is not 
clear from our proof whether for such a more general path the right hand side of 
the equation is well-defined. 

Proof. By the argument from the beginning of Prop. 12.101 we can assume that 
Do, D\ are invertible. (Here we use that the perturbation defined there leaves both 
sides of the equation unchanged.) 

In the proof of the previous proposition we saw that (d u + Dq) iaps and [d u + 
D\) rAPS are invertible. In particular they are Breuer-Fredholm with vanishing 
index. It holds that 

ind((a u + D U ) APS ) = ind((a tl + D U ) APS ) + md{d u + D ) + md{d u + £>i) 

= ind((0 u + D ) lAPS ) + md{d u + D u ) + md((d u + Dtf^ 3 ) 
= md(d a + D u ) 
= sf((f u )« £ [o,i]) • 

Here the second equality follows from a cut-and-paste argument whose proof is as 
in Lemma l2~5l The last equality follows from Theorem 12. II □ 



3. Geometric operators on a foliated manifold 

In this section we derive some general formulas for the spectral flow of tangential 
operators for foliations. The new phenonemon appearing here is that the metric, 
and thus the von Neumann algebra, may depend on the parameter. 
In the following we will use notation and terminology from [MS] . 
Let (M, J 7 ) be a compact manifold, foliated by an integrable distribution TT C TM 
of odd dimension p. Assume that the foliation is oriented, that is, the bundle K P T*T 
is trivial, and assume there exists a holonomy invariant transverse measure A. 
Let M be endowed with a leafwise Riemannian metric (that is, a positive definite 
element of C^ ng (M ', S 2 T* T)) . The induced leafwise volume form is denoted by 
voIl. There is an induced measure [i = voIl dA on M. 
Let 1Z be the Borel equivalence relation 

1Z = {(x, y) : x, y are in the same leaf L of T } 

with the structure of a measured groupoid given by A. 

Let E be a complex vector bundle on M endowed with a hcrmitian product. We 
get a field of Hilbert spaces 

H = {H x := L 2 (L X , E\L a )} X £M ■ 

This is endowed with a measurable structure, as explained in the Appendix of |HL| . 
The direct integral of the field H is a separable Hilbert space |Dil p. 172]. The 
groupoid 1Z has a natural square integrable representation on H given by 

TZ 3 {x,y) ^ (id : H x -> H y ) . 
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We write End^H) for the algebra of uniformly bounded measurable fields of in- 
tertwining operators, and define the von Neumann algebra of the foliation 

W*(F,K) := {[T],T E End TC (H), where T x ~ T 2 iff equal on A-almost every leaf} 

This comes equipped with a semifinite trace ti'A [MSl p. f49 ff.]. 
Let (-D«) u g[o,i] be a path of tangential Dirac operators acting on the sections of E 
with coefficients depending (for simplicity) smoothly on u. Now we also allow the 
lcafwise metric g u on M and the hermitian product s u on E to depend smoothly 
on the parameter u. We assume all these paths to be locally constant near u = 
and u = 1. 

The closure of D u - which we also denote by D u - has as domain the measurable 
field W 1 of Sobolcv spaces W 1 (L X ,E X '). As topological spaces these are indepen- 
dent of the metric because the leaves are of bounded geometry. Each operator 
D u is selfadjoint and affiliated to the von Neumann algebra W*(T, TV). Since its 
resolvents are in K{W*{T, 1Z)), the operator D u is Breuer-Fredholm. 
Note that the existing definitions |Ph| |W2j of the spectral flow do not directly 
apply to the path (-Du)«e[o,i] sm ce the operators D u act on different Hilbert fields. 
We need to trivialize the path of Hilbert fields. 

We write H u for the above field of Hilbert spaces at the point u e [0, 1]. First we 
identify the hermitian product on the bundle E along the path: we write E Su for E 
endowed with the hermitian product s u . There is a unique bundle endomorphism 

a u on E such that so(v,a u w) = s u (v,w) for all v,w € E x , x £ M. Since a u is 

l ji 

positive with respect to sq, we can define T u = a u ■ Then T u : E Su —> E s ° is an 
isometry. Analogously there is a unique bundle endomorphism b u on TT such that 
go(v,b u w) = g u (v,w) for all v,w € T X T x <G M. Let U u = (det fr^) -1 / 4 !^. This is 
an endomorphism depending smoothly on u and defining an isometric isomorphism 
U u : H" -» H°. Note that U u G W*(T,TZ). 

We point out the following: as an algebra the von Neumann algebra W* ( F , 1Z) does 
not depend on the metric, neither does its trace tr<\. But its involution depends on 
the metric. 

Definition 3.1. We define the spectral flow sf((i) u ) ue ro ) i]) as the spectral flow of 
the path {B u = U U D U U~ ) M g[o,i] of operators acting on H . 

Proposition 3.2. It holds that 

s^(D u ) ue[QA] ) = ind((d u + D u ) APS ) 

The operator (d u + D U ) APS is Breuer-Fredholm with respect to the von Neumann 
algebra associated to the foliated manifold with boundary M x [0, f] whose leaves 
are of the form L x [0, 1] with leafwisc metric du 2 + g u . Note that since g u depends 
on the parameter, the situation here is different than the one considered in the 
previous section. 

Proof. From Theorem 12 . f f I we get that 

8f((A.)„€[o,i]) = sf((ff„A,Er- 1 )«e[o,i]) = md((a u + U„D U U- 1 ) APS ) . 
ft holds that 

d u + u u d u u- 1 = U u (d u + U^duiUu) + D U )U- 1 . 
Since supp(U~ 1 d u (U u )) C (0, f ), it follows that 

md((d u + UuDuU- 1 )^ 3 ) = ind((5 u + D U ) APS ) . 



□ 
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Proposition 3.3. For s > it holds that 

(3.1) sf((£>„) u6[ o,i]) J tr A (^e- sD «) rfu + ^(Di)- 

1 1 1 

- 2 r l^ D 0) + 2 trA ^Ker(Z)i) - ^ tr A ™Ker(£> ) 

1 2 ^ 

Here 77 S (-Dj) = —= I tT\(Die~ tDi )—= is the truncated foliated eta invariant, 

V 71 " J a Vt 



defined in [CPl §8]. The operator PKer(_D;) denotes the projection onto the kernel 
of A- 

Proof. We want to apply the integral formula Prop. 6.7 in [W2j to the path B u . 
Since in general the endpoints of B u are not invertible, as required in |W2j . we 
construct a path with linearly perturbed endpoints. Let Aq,Ai <G W*(T,H) be 
symmetric such that Bq + Aq and B\ + A\ are invertible, and define the path 

' ao(«) := B + (u + 2)A Q , u g [-2, -1] 

Bo-uA , ug[-1,0] 

a(u) = { B u , ue [0, 1] 

B 1 + {u-l)A 1 , «G[1,2] 

ai(u) := B r + {u-2)A r , ug[2,3], 

whose spectral flow equals the spectral flow of B u . The piece /3 := ai[_i i] has now 
invertible endpoints. Then write 

sf(B u ) = sf (a) = sf(ao) + sf(ai) + sf(/3). 

Applying Prop. 6.7 in |W2j to the term sf(/3) = sf(y / s/3) we obtain 

sf{B u ) = sf(a ) + sf(ar) + y Vitr A (/3(ii) e - s/3(u)2 ) du+ 
+ i»7i(Vi(Bi + 4i)) - ^7i(V5(Bo + A))) = 

If / 

= sf(a ) + sf(ar) + / V^tr A (-A e- 8 ^ B °- uA ^ J dw+ 



I' ^tr A (B ue - sB ") + -L ^ Vitr A (V-(^+(«-D^) 2 ) dw + 



+ ^ fl (Bi + Ai) - -77,(J9 + Ao). 

Applying the integral formula Cor. 8.11 in [CP] to the two linear paths ao and a\ 
yields 

sf(ao) = sf(Viao) = 4^ J v^tr A (A e-^ B ° + ^ A ^ du+ 

+ \n s {B + A ) - ^Vs{B ) - ^ trP Ker ( Bo ) 
and similarly for sf(ai); now combining the formulas we get 



(3.2) 



ir/ s (Si) - -^Vs(Bo) ~ ^ tfA P Kor(B ) + \ tr A ^Ke^Bi) 



Now we show that wc can substitute B u with D u . 

The derivatives D U7 U U and -4-(U a ) are determined by their fibrewise action on 
smooth compactly supported functions on the fibers, so they do not depend on the 
metric used to define the involutive structure on W* (jF, TZ) . 
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From this, the cyclicity of the trace, and by using 
one obtains 

tr A ( />,< 

= tr A f±(U u D u U^)e-^ D ^ 

= tr A ((-^U^DuU^Uue-^U-^J +tr A (u^^-^-U-^e-^U- 1 
+ tr A (UuDuU^Uue-^U- 1 



tr A D u e 



For the remaining terms in (|3.2[) . it is clear that we can substitute B u with £) u so 
that we get (gJ]). □ 

4. The spectral flow of the odd signature operator 

In this section wc prove the vanishing of the von Neumann spectral flow for a path 
of odd tangential signature operators along a path of metrics. 
Let us recall the definition of the lcafwisc odd signature operator. Wc assume that 
dim T = p = 22+1. Let E := AT* J 7 <g) C, and let r be the leafwise chirality 
grading, rip := i l + 1 + k ( k + 1 ) * ^ ^ g C°°(L X , A k T*T\ L J (where * is the leafwise 
Hodge star operator). The leafwise odd signature operator D sl9 " is defined on 
n*tan g (M) = C% ng (M,E) by 

D sign = Td + dT _ 

Now we assume that we have a path of lcafwisc Riemannian metrics (<7u)ue[o.i] de- 
pending smoothly on the parameter and constant near u = 0,1. Thus we get a path 
of chirality operators t u , and a path of signature operators D^ gn , correspondingly. 

Proposition 4.1. The spectral flow of the path (-Djf 9 ™) u e[o.i] * s zero. 

From (|3.ip we have 
(4.1) 

sf(D^) = -L ^ Vitr A (/>'""- ' D ' ) du + \ Vs {D s D ~ ^W") 

since trAPKer(Di) = ti'A P Kcl .(£) ) by the homotopy invariance of foliation Betti 
numbers |HLj . 

Now take the limit for s — > oo. Clearly lim rj s (Di) = 0. 

s — 'OO 

The following statement, proved in the case of a covering by Cheeger and Gromov 
in |CG] , implies the vanishing of the spectral flow. 

Lemma 4.2 ([CU]). It holds that 

(4.2) lim / sfitTA (t)^ 9n e~^ D " g ^ 2 \ du = . 

s^oo Jo V / 

Proof. Let S = rdr. Consider the classical decomposition 



H = ker A Im d ® Im 8 
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and let P u be the projection onto Imd, and Q u the projection onto Im<5. Note that 
both depend on u via the metric. We now estimate the integrand separately on the 
subspaces Imc? and Im<5. Look for example at the estimate of 

V^tr A (b u Q u e- sD 
where D u = D^ 9n . Observe that 

DuQu — i~ u dQ u — i~ u T u T u dQ u C U D U Q U 
with C u G W{F,K). Then 

v/5tr A (p u Q u e- sD ^\ = |Vitr A {c u D u Q u e- sD ^j 



< \\C U Q U \ 



\/str A (\D u \e 



-sD; 



Let now E\ = E\(u) be the spectral measure associated to the Laplacian D\. 
(To simplify the notation, in the following we will not always write explicitely the 
dependence on u). Now, since \D u \e~ sD ** Eo = 0, we can write for \i > 

IVitTA (\D u \e- sD i) | < Iv^trA J V\e- sX d(E x n E£)\ < 
(4.3) <Vs V\e- sX dcr + Vs V\e- sX da = 1 + 11 

JO Jfj, 

where a = tr A d(E\ n Eq). For the term (I), observe that the positive function 
/(A) = \f\e~ sX has its maximum in the point A = with value f(j^) = 
so that we get 



VXe' sX da < Jse~ 



/2s 



da 



e 2 

7f 



tr A (£ M n£#-) 



In order to estimate the second term (II) in (|4.3p we write 



VXe~ sX da 



7X e -(,-l)A„-A 



da 



The function g (A) = y/\e ' s 1 ' A has its maximum in the point A 



2(s-l)' 



Now 



we set /j, 
getting 



For s large we have that g(X) < g(/J,) on the interval \p,oo) 



/>oo 

/ V\e- sX da < i/fie-^- 1 ^ tr A (e- D *) 

J u 



Summarizing, 



e 2 



/ + U < tr A (£ M n E£) + yfs^Tie 



-(s-1)m 



tr A (e-^) . 



By s/i = 0(-\/s) and since trA(e _£>u ) is uniformly bounded in u, the second term 
vanishes uniformly in u as s — > oo. In the first term we have that lim^^o tr A (.E^ H 
) ~~ * 0. Since tr A (£ ! /J n ) is uniformly bounded in u, we can use Lebesgue 
theorem and get (|4.2p . □ 



In the classical case of a closed manifold, the vanishing of the spectral flow for 
a path of signature operators can be deduced from the fact that the projection 
onto the kernel depends smoothly on the parameter, see for example |Mel §8.15]. 
For the tangential signature operator on foliations, the smooth dependence of this 
projection can be proven as in Theorem 2.2 of |GR| . However, in the von Neumann 
algebraic situation, the vanishing of the spectral flow does not follow from the 
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smooth dependence of the projection onto the kernel, as the following example 
shows. Consider the path of operators (D u := id x + it) u6 r_x,i] on H = L 2 (R) 
and let Af be the von Neumann algebra of Z-equivariant bounded operators on 
i 2 (R) with its standard semifinite trace tr z . For any u € [—1, 1] the kernel of D u 
is even trivial. Compute the von Neumann spectral flow via its definition |Phj : 
let l>o(-D) = h oo \(D) be the spectral projection onto the positive part of the 
spectrum; we get 

sf ((AJuehU]) = ind z (bo^-Obo^i) : bo(A)-ff l>o(-D_i)i?) = 
= Tr z (l[-i, 0O )(«9 2; )l(_ 0O! i](ia 2; )) - Tr z (l[i, o)(^)l(-oo,-i)(^ :!: )) = 

= Tr z 1[_ M] (id x ) ^0. 

By the definition of spectral flow [Phj . a very direct proof of Prop. 14.11 could be 
given if one could show that the projection onto the positive part of the spectrum 
of D s ^ gn depends continuously on u: such a proof is not known. 

5. Measured analytic signature of foliated manifolds with boundary 

As an application of Theorem 13.21 and Prop. 14.11 we now prove that the analytic 
A-signature for a foliated manifolds with boundary does not depend on the metric. 
Let (M, T) be a foliated manifold with boundary, with even dimensional leaves 
and foliation structure transverse to the boundary. Assume that it admits a holo- 
nomy invariant transverse measure A. Furthermore we assume that M is endowed 
with a leafwise Riemannian metric, which is of product type near the boundary. 
The tangential signature operator D st9n is Z2-graded by chirality. We denote by 
(^£)sign^APS ^ g c i osure defined by using Atiyah-Patodi-Singer index conditions. The 
following definition was introduced by Antonini in |An2) . 

Definition 5.1. The analytic A-signature is by definition the measured L 2 -index 

a A , an (M,dM) = ind L 2, A (£>"»"' + ) = ind((D sl ^+) APS ) + tr A (P Kcl . D o) , 

where D 9 is the odd signature operator induced on the boundary. 

The measured L 2 -index ind^ A {D sl9n ' + ) is defined using the corresponding cylin- 
dric setting. We will not use it in the following. 

Proposition 5.2. a\_ an (M, dM) does not depend on the metric on M. 
Proof. Our proof is inspired by arguments in [LPi §6.1]. 

Let g u be a smooth path of leafwise Riemannian metrics on M, which are of prod- 
uct type near the boundary. Let D^ gn be the induced path of foliated signature 
operators. The following gluing formula holds: 

(5.1) ind((i?f 9 "' + ) APS )-ind((^^ + ) APS ) = ind((a u + ^f) APS ) . 

This follows from a von Neumann relative index theorem applied to the tangential 
signature operator on the closed foliated manifold Mi Uqm ([1, 2] x dM) U (— M2) 
where Mi is M with metric gi, i £ {1,2}, and the tangential metric on [1,2] x dM 
is du 2 + g u . The technique to prove the relative index theorem is essentially the 
one we used in Lemma 12.51 Alternatively, it follows from Ramachandran's index 
theorem |Rm) . We conclude from Theorem 13.21 that 

(5.2) ind {{D ^ +) A PS) ind i{D si g n, +) AP S) = gf((jD a )ug[i>2]) 

Now the assertion follows from Prop. 14.11 by using that trA^KcrD 8 ) does not 
depend on the metric as well, being a homotopy invariant |HL| . □ 
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Our methods generalize directly to tangential signature operators twisted by a 
bundle E which is flat near the boundary. However, it seems that the homotopy 
invariance of the foliated Betti numbers [HLj . which we used in the proof, has not 
yet been established for the twisted situation in general (see Theorem 10.6 in |BH| 
for a partial result). 

Note that then connection on E has to be fixed near the boundary since in general 
there is spectral Sow if the flat connection varies. 

Appendix A. On the integral formula for bounded operators 

Let Af be a von Neumann algebra acting on a separable Hilbcrt space H and 
endowed with a faithful normal scmifinitc trace tr. 

We denote by / 1 (A/') the space of operators K g Af such that tr \K\ < oo and endow 
it with the norm \\K\\ X = \\K\\ +tr(|A'|). 

In the following a path of bounded operators is not assumed to be continuous in 
the norm topology. The conditions will be specified. 

We take the opportunity to point out an error in the assumptions of Lemma 6.1 
and 6.3, Prop. 6.2 and Theorem 6.4 of W2J, which is relevant for the following: 
There it is always assumed that one deals with a path (-F 1 u ) u g[o.i] in Af such that 
(u i-> F U K) g C 1 ([0, 1], I 1 (AT)) for a11 K G I 1 (AT)- What is needed for the proofs is 
the stronger assumption that the map 

K i ► i ► F U K) 

is well-defined and bounded. The conclusions of Lemma 6.1 and Prop. 6.2 should 
be modified accordingly. The arguments still remain valid. 

Lemma A.l. Let (-F 1 u) tl g[o,i] be a path in Af '. If the map 

J -> C 1 ([0, 1], J) , 

K i ► i — ► F U K) 

is well-defined and bounded for J = K(Af), then it is also well-defined and bounded 
forJ = l 1 (Af). 

Proof. Let K £ ^(Af) with polar decomposition K = \K\U. 

Let 1„ be the characteristic function of [i,oo). Note that 1„(|AT|) g ^(Af): Since 
ln(|A|) g K(Af), the operator 1 — 1„(| is Breuer-Frcdholm. Thus the projection 
onto its kernel, which is lnd-K"!), has finite trace. It follows that K n := l n (\K\)K S 
I 1 (AT). Furthermore K n converges in ^(Af) to K, 

From this we conclude that the set S = {K G I 1 (AT) \ l n (\K\)K = K} is dense in 
l\Af). 

Now let K g S. 

By assumption, the function 

t^F t l n (\K\) 

is bounded in (^([0, 1},K(AT)) by C\\ 1„(| K\)\\ = C for some C > independent of 
n and K. It follows that the function 

t« (F t K = F t l n (\K\)K) 

is bounded in C 1 ([Q,l],l 1 (Af)) by C\\K\\ V 
This shows the assertion. 

□ 

In |W2j essentially the following theorem was proven with the additional assumption 
that each F u is the bounded transform of an unbounded operator with resolvents 
in K(Af). Compare the theorem with the main result in [CPS] . 
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Theorem A. 2. Let (Pi) U £[o.i] be a path of self adjoint Breuer-Fredholm operators 
in Af with \\F U \\ < 1 for all u G [0, 1] and such that Fq, F± are invertible. 
We assume that the map 

K i — > i — > F U K) 

is well-defined and bounded. 

Let x G Cc(M.) be an odd function such that x(l) = 1 and x'(0) > and such that 
x| [—1,1] is non- decreasing. 

Assume that (u i-> x'(F u )) € C([0, 1], ^(W)) and £/ia£ (u h-> (x(F u ) 2 - 1)) 6 
CHIO,!],/ 1 ^))- Then 

sf((iy„ 6[ o,i]) = lj tr (^ F ^'^) du 

+ I tr(2Pi - 1 - x(Fx)) - 1 tr(2P - 1 - x(Po)) , 

w/jere P = 1> (P,). 

Proof. The two terms in the last line are well-defined by (2p — 1) — x(P») — 
((2P - 1) + xWrHl - x(P) 2 ) G i a (A0- 

Let (^m)meN C C^°(M) be a sequence of even functions with the following proper- 
tics: 

• ip m is non-decreasing on [— 1 , 0] and equals 1 in a neighbourhood of the 
origin. 

• supp<y9 m is contained in the interior of supp(x 2 — 1) H [—1, 1], 

• <Pm{x) < (f m +i{x) < 1 for any i€l and ip m +i\su PP <p m = 1, 

• ip m (x) converges to 1 for m —> oo for all x in the interior of supp(x 2 — 1) H 

[-1,1]. 

By Prop. 6.2 in [W2] the map 

l\AP) ^ C 1 ([0,1], I 1 (AT)) 
K ^ <p{F t )K 

is well-defined and continuous. 

Since <p m / (x 2 — 1) can be extended by zero to an element in C C (R) and x(F u ) 2 — 1 € 
l^Af), also <p m {F u ) el^N). 
For m € N and x G [-1, 1] let 

1 f x 

Xm(x) = — / x(y)<Pm(y) dy 

<-^m Jo 

with C m = x' (y) t Pm(y) dy. Extend Xm to an odd function in C 2 (R) such that 

supp(x 2 „ — 1) contains a neighbourhood of supp(x 2 — 1). 

The equality x' m ( F u) = ^ip m (F u ) X '(F u ) implies by Prop. 6.2 of [W2] that 

(«~xU^0)etf([o,i],i 1 CAO) ■ 

Define g m G C 2 (R) by 3m (x) := ( X 2 n (a;)-l)/(x 2 (x)-l) if X 2 (x) ^ 1 and x G [-1,1], 
and 5m (x) = if x 2 (aO = 1 or |x| > 1. Since X m{F u f - 1 = g m (F u ){ X {F u ) 2 - 1), 
we infer from Prop. 6.2 in |W2j that 

(u^ixmiFuf-i^eC^ihl'W) 

and then from Lemma 6.3 in [W2j that 

(«H ( e **C*»(*V.)+i) _ e c ,1 ([0,l],J 1 CA0) ■ 
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Now we show that the integral formula holds for \m- I n the end we will take the 
limit over m. Since the proof is very similar to the proof of Theorem 6.4 in |W2j . 
we will omit some details. 

Let G u := (1 - u)(2P Q - 1) + u Xm (F ) and H u := (1 - u) Xm ( F i) + u ( 2p i ~ 1) an d 
define (Q u ) u e[-i,2] h Y Q 

(F u ) for u G [0, 1], Q u := G u+1 for u £ [-1,0] and 

Q u := Hu-\ for u £ [1,2]. 
It holds that 



— / 1 tr (e-«( G "+ 1 )A e -(G u+ i) ) du+ _L f\ T ( e -*i (H«+i)A e *i(H-+i)) rft 
27ri J du ' 2-ki J x du 



\ tr((2Pi - 1) - Xm(fi)) - J tr((2P - 1) - Xm (F )) . 



Hence 



s 



f((-F«)ue[o,i]) = sf((Q«)ue[-i,2]) 



= J_ /' 1 t r ( e -«(x m (F«)+i)A e «(x™(^)+i)' ) du 
27ri Jo du 

+ 1 tr((2Pj - 1) - x r „(Fi)) - \ tr((2P - 1) - Xm^o)) • 

We evaluate the integral. 
Set / := e**'*^ 1 ' - 1. Since 

(supp/n [-1, 1]) C (supp(x^ - 1) n [-1, 1]) C suppy> m , 

it holds that <Pn|supp/n[-i,i] = 1 f° r n > m - This implies that 

>.) = ^WW.)) 

= (^ n (F u ))f(F u )+ip n (F u )-^f(F u ) • 



Thus 

tr(e-^^) +1 )^/(P„)) = tr(e— (^^)+ 1 )(A^(F ll )/(P u )+^(P u )A/(P u ))) . 



Let n > m + 2. 
Now 

tr(e-^ p ^(^ n (F u ))f(F u )) 

= tr(e-™^ F ^ + V<p n - 1 (F u )(-^i Pn (F u ))f(F u )) 

= tr(e-™^ F ^ +1 ^{ i p n - 1 (F u ) i p n (F u ))f(F u )) 

- tr(e-^x^ +1 K^n-i(F u ))<Pn(F u )f(F u )) . 

These two terms cancel out since they both equal tr(e _7ri ' Xm ^ F "- )+1 '(^</? Tl _i(i 7 i i ))/(F u )) : 
The first by tp n -itp n = <p n -i, and the second by <p n f\[-i,i] = 
It follows that 

tr(e-* 1 ^^ +1 )^/(F w )) =tr(e--W^)+ 1 )(^/(F„))^„(F„)) . 



A calculation as in the proof of Theorem 6.4 in |W2j yields that 

tv{e-^^ +1 \^-f{F u ))ip n {F u ))=i-K tr((-^F u ) X ' m (Fu)Vn(Fu)) 
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Using that x' m {Fu)Vn{F u ) = X m {F u ) we obtain 
sf((F„)„ e[0>1] ) = I J tr ((^-F u ) X ' m (F u )) du 

+ \ tr((2Pj - 1) - Xm (Fi)) - \ tr((2P - 1) - Xm (F )) . 
Now we consider the limit m — > oo. 

First note that C m converges to 1. We fix u. The sequence of positive operators 
C m x' m (F u ) = x' '{F u )ip m {F u ) £ ^(N) is non-decreasing with suprcmum X '(F U ). 
Thus C m t r ((A.F u )x' m (F u )) converges to tv((£F u ) X '(F u )). 
Furthermore for some C > 0, independent of m and it, 

C m \tv((^-F u ) X ' m (Fu))\ < \\(^F u )^ m (F u )\\ tv( X '(F u )) 
<Ctr( X '(F u )) . 

Thus by Lebesgue's Lemma f Q tv{{-^F u )x' m {F u )) du converges to tx{{-^F u )x'{F u )) du. 
Furthermore C rn (l + Xm{%)) < 1 + x( x ) f° r £ < and C m (l — % m (a;)) < 1 — xC^) 
for x > 0. It follows that 

C m (l - (2Pj - l)x m {Fi)) < 1 - (2P - l) X (Fi) . 

Both sides are positive. The left hand side converges to the right hand side for 
m — > oo in A/", hence also in Z 1 (A/'). Since 

(2P - 1) - Xm (F i ) = (2P ? - 1)(1 - (2Pi - l)Xm(Fi)) , 

it follows that tr((2P ?; - 1) - Xm{Fi)) converges to tr((2Pj - 1) - x{ F i))- n 
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